An iterative correction process, recently incorporated into the National Research Council of Canada Fourier-transform thin-film synthesis program, is applied to the design of wideband antireflection coatings. This type of problem is different from those solved in the past by this method. It cannot be handled in a practical way without a correction process. We consider in detail the effects-critical for this application-of constraints on the refractive indices and overall thicknesses of the solutions. Our graded-index and multilayer designs have a remarkable resemblance in performance and refractive-index structure to results obtained by more conventional techniques. The Fourier-transform method is of interest because of its speed and versatility.
I. Introduction
The present Fourier-transform technique has many features of interest for the design of optical thin films.- 10 It frequently yields coatings of the gradedindex or multilayer type with remarkable ease, speed, and versatility. However, it is inherently approximate. Furthermore, it has been applied almost exclusively to situations in which the indices of the substrate and incident medium were identical. The more general case of different external indices was addressed only superficially. 3 4 We recently described a numerical correction process that compensates for several limitations of the basic method. 6 We also presented a preliminary description of its application to a problem in which the external media were different. 7 This paper is a more complete account of the latter work. We consider the synthesis of broadband antireflection (AR) coatings on germanium mostly for the wavelength region 7.7 < X < 12.3 pum or, in wave numbers, 0.081 < o < 0.13 pLm-'. This particular problem was chosen because it was recently the object of a detailed comparison of several refinement techniques. 11 1 2 We compare our graded-index and multilayer designs with the results described in Refs. 11-15. We discuss for the first time, to the best of our knowledge, the effect of several important practical considerations on the Fourier-transform method: the constraints imposed by the refractive-index range available for the film materials, and the adjustment of the overall optical thicknesses. We describe the incorporation in the numerical correction process of a subroutine that yields multilayers directly.
In Section II we briefly review the National Research Council of Canada (NRCC) implementation of the Fourier-transform process, we describe its recent modifications, and how it can be applied to the present class of problems. Sections III and IV are devoted to numerical examples, with and without constraints on the refractive indices available for the film materials. Some limitations of the method are also discussed.
II. Theory

A. Background
Only a brief review is given below. Additional details can be found in the literature.- 10 Essentially, the synthesis of a graded refractive-index profile n(x) is performed by computing a Fourier transform: n n(x)= J r Q(T, exp(-j2'rrcx)da,
where Q is a complex function of the desired transmittance T = TD and wave number C. The thickness coordinate x is twice the optical thickness, and no is a scaling constant that is used to center the refractive indices in the specified index range. Dispersion and losses are neglected. Several approximate forms of Q (T, ) have been reported, but in principle they are valid only for small reflectances. This severely limits the accuracy of the method. Additional errors are often introduced in practice, for example, when n(x) is truncated in order to limit the overall thickness, or approximated with discrete layers (discretization). Those errors can be compensated by an iterative numerical correction process that was recently described. 6 Successive corrections,
AQ(u) = w IQ(TD, ) -Q(Tc,
], (2) are added to the function Q and transferred to n(x) by using Eq. (1) to remove the residual mismatches in performance. In Eq. (2) w is an adjustable constant, and T is the calculated transmittance. A proper definition of the complex phase of Q in Eq. (2) is important if proper corrections are to be obtained. According to Eqs. (1) and (2), the synthesized refractive-index profile can also be expressed in the form
where nA(x) is a starting design and nB(X) is a correction obtained with our iterative process. The starting design can be chosen arbitrarily or calculated from Eq. (1).
B. Design with Different External Media
So far this method has been applied almost exclusively to cases in which the refractive indices ns and nM of the substrate and medium were identical. This is not a fundamental limitation but only a simplification. The theory is easily generalized by replacing the amplitude transmission coefficient t by (ns IfnM)"
Note that the transmittance ns involved in Eqs. (1) and (2) is not affected by this change. It is known that Eq. (1) yields good approximate graded-index designs when (i) the specified thickness is large enough, (ii) the reflectance R = 1 -T is not too high, and (iii) most of the wave-number regions in which R is significant [i.e., Q(T, cr) •f 0] are included in the target. The reflectance of a typical coating with nM e ns is often nonzero over a spectral region that is much broader than the region of primary interest. In particular, the reflectance is equal to that of the bare substrate for a 0. This must be specified in addition to the performance in the region of interest to obtain asymmetrical solutions n(x) with the proper values of nM and ns. 4 The structure of n(x) also depends on the assumed performance in the remaining parts of the spectrum (a default value T = 1 is used in our program). Clearly, additional specifications outside the region of interest limit the number of solutions available for the basic problem. The approach outlined above is thus not attractive in practice.
Another approach proposed by Sossi does not have the same disadvantage. A primary design was first computed in the usual way without paying attention to the external media. The constant no was chosen to center the indices in the range available for film materials. Next, nM and ns were forced to assume the desired values. It turned out that this did not significantly change the performance. Finally, the design was optimized by adjusting the thicknesses (scalingx) and by performing further corrections.
In this work we use a similar approach in combination with the modified Fourier-transform correction process developed at the NRCC. The problem considered-the design of AR coatings-is particularly difficult. Note that even the first step in Sossi's approach is not directly applicable, since the AR of an interface between two identical media is trivial. The whole object of the design is to eliminate the reflectance induced when nM and ns are forced to take on the required values.
We use arbitrarily predefined starting designs nA(x) with the correct substrate and medium refractive indices (see, for example, curve 1 in Fig. 1 and the dotted curves in Fig. 3 ). Successive index corrections nB(x) are obtained by computing the spectral corrections AQ in the AR band [Eq. (2) with TD = 1]. Since this region does not normally include low wave numbers, nB(x) has identical refractive indicesequal to no-in the regions of the substrate and medium. The proper indices are obtained for the corrected film n(x) by scaling nB(X) so that no = 1 [Eq. We consider several practical points not addressed by Sossi. The. effect of truncating the synthesized coatings is particularly important. 6 On truncation, the variation of n(x) is ignored for values of x that exceed the allowed thickness. We also examine the effect of forcing n(x) to be in the range of refractive indices available for film materials. Whenever n(x) moves above the high refractive-index limit nH or below the lower limit nL, it is forced to take on the value nH or nL. Note that this is a crucial issue for AR coatings since their performance is limited by the availability of low-index materials. Parts of n(x) and refractive-index corrections nB(X) are thus systematically lost. Clearly, this affects the efficiency of the individual corrections. Nevertheless, good results can be achieved by performing a sufficiently large number of iterations. This is acceptable because the computations are fast.
The type of problem considered in this work is quite different from those solved in the past by the Fouriertransform method. So far the specified reflectance has normally been zero across the whole spectrum, except in a narrow region of interest. Essentially, the opposite is true when AR coatings are designed.
C. Shah Option
Multilayers can be designed in two different ways with the Fourier-transform method. 3 It is possible to approximate the graded-index coatings with discrete layers. Multilayers can also be obtained directly with our Shah option. (Shah is the name of the Russian letter A, which is used to represent a replicating function in the Fourier theory). The latter approach is often particularly efficient and it has been adapted in this work for use in the correction process.
Unlike graded-index coatings, multilayers with equal thickness layers have multiple harmonics. To simulate such a situation, the complex function Q in Eq. (1) is replaced by a periodic repetition of itself denoted by Qp, and n(x) is expressed in the form 3 
where the superscript denotes a complex conjugate.
Thus Q already includes two harmonics: a (+1)
harmonic that is a function of the desired transmittance, and a (-1) harmonic that is obtained by symmetry using Eq. (6). tered at ±Umid, ± 3 9,mid, etc. The optical thickness of the layers [1/2p, see Eq. (5)] is then an eighth wave at X = /0rmid. Note that the harmonics of Qp are normally not all identical. When they are the same, there is an effective period ofp/2 and the layers have a quarter-wave optical thickness. This is an interesting special case that applies to AR coatings, as can be seen below.
There is however one difficulty with this approach when the overall thickness is limited. The summation in Eq. (5) should include all the Fourier components FQ(x) for x < 0. In practice, the synthesized multilayers are truncated (i.e., values of x that are outside the allowed thickness range are ignored). As a result, the foregoing summation is found to within an additive constant, and n(x) to within a multiplicative constant. In our program we assume that ln[n(x)] should be approximately centered about ln(no) and we add a suitable constant to the right-hand side of Eq. (5).
III. Design without Refractive-Index Constraints
A. Films of Half-Wave Optical Thickness
It is known that step-down AR coatings of the graded-index or multilayer type can reduce the reflection of a given substrate to an arbitrarily low level over a broad wavelength region, provided that materials with sufficiently low refractive indices are available and the system is thick enough. 6 '
16 - 18 An empirical criterion for the estimation of the optical thickness is that it should be larger than half of the largest wavelength H to be suppressed in the reflection spectrum. Several AR coatings designed for the spectral region 0.081 < < 0.13 m- Step-down AR coatings obtained in the absence of refractive-index constraints: curve 1, exponential sine graded-index profile; curve 2, multilayer designed with Young's method 13 ; curve 3, result obtained with the Fourier-transform method; curve 4, low spatial frequency content of the latter. /n '4A _~~~~1 ;_ waves QW's) at the reference wavelength X 0 = l/amid = 9.48 gim. In the diagrams, the origin of the optical thickness axis [x/2 in Eq. (1)] coincides with the center of the coatings. Curve 1 in Fig. 1 is a classical step-down AR coating of the graded-index type. The refractive index decreases smoothly from the substrate to the medium index with an exponential sine variation {i.e., ln[n(x)] is a sine; the optimum index shape is not important in this discussion). The optical thickness is exactly equal to AH /2 (Int = 2.6 QW's). The reflectance R = 1 -T decreases gradually with increasing a: there is no high-wave-number limit UH to the AR band, which is therefore much wider than necessary. The reflectance is reduced to 6% at the low-wave-number limit UL = 0.081 Am-1 .
When the refractive index decreases in steps (curve 2), a reflectance band is created in the spectral region in which the (equal optical thickness) layers are half-waves, whereas the AR band is centered on the wave number at which the layers are quarter waves. The present three-layer system (nt = 3 QW's) was designed for the desired AR band with an analytical procedure described by Young. 1 3 Its performance, shown on two different scales, is quite good. Similar AR coatings composed of 1, 2, 4, etc. layers can also be synthesized (nt = 1, 2, 4, . . . QW's). These are believed to be the optimum designs when there are no constraints on the refractive indices. 13 An analogous result was obtained with the Fouriertransform technique (curve 3). The starting design was curve 1, but the overall optical thickness had to be subsequently increased from 2.6 to 2.85 QW's, as is discussed later. The final performance was essentially the same as that of the step-down multilayer and was not plotted for the sake of clarity. Note that the index structure and performance changed significantly during the course of the design process. In particular, the final index variation is no longer purely gradual. Important refractive-index steps were created at the substrate and air interfaces, and a periodic ripple was superimposed onto a slow transition from a high to a low index (curve 4). This ripple mimics the layers of the multilayer represented by curve 2.
We mentioned before that the position and the width of the AR band are related to the thickness of the layers. From the point of view of the Fourier theory, it is seen from Eq. (1) that the Fourier spectrum of the index profile n(x) is closely related to the transmittance curve. In the present case, n(x) has two distinct sets of spatial frequencies that show up in the two reflectance bands on either side of the AR band. The low spatial frequencies (wave numbers) correspond to the slow transition from a high to a low index. The high wave numbers correspond to the index ripples.
The graded-index profile was subdivided into 36 layers and refined. The performance after refinement was still essentially the same as that illustrated in Fig. 1 . This suggests that the NRCC Fouriertransform process worked well for this problem.
B. Other Thicknesses
We observed that the index structure and performance of the coatings synthesized with the present method were considerably dependent on the overall optical thickness. Figure 2 shows the variation with optical thickness of the values of the merit function that characterize the performance. (The transmittance was defined at 49 equally spaced wave numbers with a uniform tolerance of 1%. Thus, the values of the merit function also represent the average residual reflectance expressed in percent.) Two different starting designs were used: an exponential sine refractiveindex variation as above and a constant index equal to the geometric mean (nSnM)112 of the substrate and medium refractive indices.
It is interesting that, for Int < 3.75 QW's, i.e., up to a point at which the residual reflectances reached the limit of accuracy of our program (R < 0.001%), we obtained designs that compared favorably in performance to Young's systems. As in Ref. 14 The refractive-index structure of the thinner film [ Fig. 3(a) , Ynt = 1.5 QW's] has less resemblance to a gradual transition from a high to a low index than in Fig. 3(b) . Southwell obtained, by using a different approach, a similar design that also exhibited a thin layer at the air interface (Ref. 14, Fig. 5 ). Note that, rated on the basis of a merit function value/thickness ratio, the performance of the present coating is better than that of Young's systems (Fig. 2) .
The results obtained for nt = 6.75 QW'scorresponding to the second minimum of the solid curve in Fig. 2 -depended on the starting design. In agreement with Ref. 14, the exponential sine starting design was already a good AR coating, and it was only slightly modified by the synthesis process. Small index steps were created at the interfaces. The final performance, indicated in Fig. 2 , was quite good. The other starting design yielded a different type of solution [ Fig. 3(c) ] with cyclic refractive-index variations similar to the multilayers obtained by Willey in a totally different way.1 7 , 18 We also designed films with different numbers of cycles for the thicknesses that correspond to other minima of the merit function curve. The multicycle coatings had the same generic appearance as those shown in Figs. 3(b) and 3(c), namely, a slow transition from a high to a low index with superimposed ripples. Their performances were also essentially similar: the increased complexity of the films did not result in significant improvements (Fig. 2) . This is perhaps only of academic interest in the present case (the residual reflectance is of the order of 0.002%), but we see below that solutions of the multicycle type have advantages when the refractive indices are forced to lie within practically realizable limits. The film illustrated in Fig. 3(c) was discretized and refined. As before, no significant improvement in performance was observed.
Finally, we found that our Shah procedure was surprisingly effective in synthesizing step-down AR multilayers that were nearly identical to Young's designs such as curve 2 in Fig. 1 . The correction process converged in a matter of seconds. (All the times cited in this paper are CPU times. The calculations were performed on a Hewlett-Packard 1000 Model A700 computer.) Multilayers of the multicycle type could also be found [e.g., the thick curve in Fig.  8(b) ]. As in the graded-index case, the actual type of solution depends on the starting design and thickness. It is remarkable that Shah systems, which were initially composed of eighth-wave layers (see Subsection II.C), were reduced to quarter-wave stacks by combining layers of identical indices. Once again, no significant improvement was obtained by refinement. with most other techniques, the overall optical thickness is fixed and must be specified at the start. The fluctuations of the values of the merit function with thickness in Fig. 2 are a consequence of this. They clearly illustrate the effects of a wrong thickness choice. Since the optimum thickness is initially unknown, it must be adjusted progressively by examining the design and its performance. Sossi showed that it is sometimes possible to improve the fit between the target and calculated transmittances by scaling the thicknesses of the synthesized coating, 3 a procedure that we call stretching. For example, the synthesis illustrated in curve 2 of Fig. 1 was performed as follows. The thickness of the starting design (curve 1) was estimated on the basis of the empirical criterion mentioned in Subsection III.A (nt = 2.6 QW's). The correction process yielded a primary solution with a performance represented by the thick curve in Fig. 4 . The high transmittance region was too wide and not correctly centered in the AR range (denoted by asterisks). A proper centering could be achieved by stretching the synthesized coating to nt = 2.85 QW's. The correction process was then invoked again and yielded the final design, whose performance is reproduced in Fig. 4 . The solutions that correspond to the other values of the merit function plotted in Fig. 2 were obtained in the same way.
There are other means to adjust the thickness. It is possible to reoptimize a coating after truncating one or both of its ends. Conversely, one can append a thin slab of one or both external media to the system. This latter operation does not change the performance, but it provides additional degrees of freedom for further corrections. An increase in the value of the merit function with thickness, such as observed in Fig. 2 , is thus impossible. However, graded-index profiles extended in this way often have refractiveindex discontinuities at the original interfaces, as seen, for example, in Fig. 3 . These discontinuities may or may not be smoothed out by the correction process. We found that manual smoothing before the application of the correction process could be useful. Smoothing changes the performance somewhat, but usually not beyond recovery. It is performed in our program either by computing a running average (by calculating the average refractive index in a small thickness range for each point of the refractive-index profile) or by spatial frequency filtering (by keeping only the lowest spatial frequencies of the refractiveindex profile). These thickness adjustments are illustrated in Section IV.
IV. Results with Refractive-Index Constraints
A. Comparison with the Results of Refs. 11 and 12
In practice, the performance of AR coatings is limited by the lowest refractive-index material that is available. The effect of this limitation on calculations with the Fourier-transform method is discussed below. We impose a high and a low limit, nH = 4.2 and nL = 2.2, on the refractive indices, and our designs are compared with the best solutions of the same problem obtained in Refs. 11 and 12 by refinement. Figure 5 (a) corresponds to Fig. 3(b Fig. 3(c) .
Note that in the present case the largest refractiveindex changes were clipped to fit the refractive-index limits, as explained in Section II. Our iterative correction process behaved quite well in spite of this additional constraint, since the two transmittance curves are nearly identical. As expected, the residual reflectance is much larger than in the case of no constraints on the refractive indices. Fig. 5(b) near the air interface, especially in the graded-index case. The multilayer has the best performance reported thus far for this problem. It was designed with a sophisticated process by using random starting designs and combining several refinement routines. Several hours of computation were required. The time required with the Fourier-transform method was 15 min. Although this is slow when compared with our past experience with this process, it is quite fast when compared with other methods. All the calculations were performed on the same computer.
The transmittance curves of the graded-index designs in Figs 147 layers and refined without any significant improvement. The refinement stage took 1 h 40 min.
B. Variation of the Merit Function with Thickness
A number of other graded-index coatings were designed and the variation with thickness of the corresponding values of the merit function is plotted in Fig. 6 . For comparison purposes, the values of the merit function of the best solutions from Refs. 11 and 12 are also indicated, respectively, by the squares and circle. Three different design strategies were tried. For each point on curve 1, the starting design was a homogeneous layer of refractive index (nH nLL) 1 12 . To obtain the starting designs used in curves 2 and 3, the system that corresponds to the previous point in the curve was, respectively, extended or truncated on the substrate side. Speed was favored here over accuracy.
Most solutions were not fully optimized, except those that could be compared with existing results. The triangle corresponds to one such solution that was obtained in addition to those described in Fig. 5 . The performances were evaluated at equally spaced wave numbers instead of equally spaced wavelengths as in Refs. 11 and 12. Several interesting points are apparent.
The merit function values approximately decrease in steps. Each step corresponds to the introduction of a new cycle into the refractive-index profile. From the point of view of performance and apparently up to a saturation point, there is therefore an advantage to include a greater number of such cycles. This is contrary to what was observed in the absence of refractive-index constraints.
Note also that, as in Fig. 2 , the values of the merit function increase between the steps in curve 1. is essentially no such increase in the other cases, as predicted in Subsection III.C.
Finally, there is an interesting correlation between the steps in the curves and the data points that correspond to the reported multilayer solutions. In all cases but one, there is one such solution at apparently the optimum optical thickness, i.e., at the beginning of a step (ant = 4.5, 7.5, and 13.3 QW's). There is also a second set of solutions that correspond to the center of the steps (ant = 11.5 and 14 QW's). Each set has a characteristic refractive-index structure, as seen in Fig. 5 and in the original references. The corresponding Fourier-transform designs have similar features. Their performance was always slightly inferior to that of the multilayers, even when we tried to optimize the input parameters of our design process.
C. Adjustment of the Thickness
The empirical criterion for the estimation of the optical thickness that was mentioned earlier is valid only if there are no severe refractive-index constraints. It is not useful for the present case. Figure 6 shows that the performance can be improved significantly when the optical thickness is increased beyond a half-wave XH/2 (nt > 2.6 QW's). In practice, the required optical thickness is therefore initially unknown. We show below that it can be progressively adjusted by using the techniques that were described in Subsection III.C.
To demonstrate this, we evolved the graded-index designs illustrated in Figs. 5(b) and 5(c)-and which are reproduced on a different scale in Figs. 7(c) and 7(d) for easier comparisons-from a layer of constant refractive index that was much thicker than necessary. The starting design, represented by the dotted line in Fig. 7(a) , has an overall thickness set arbitrarily to Int = 18 QW's. Our correction process was first applied for a small number of iterations (10) to get a quick idea of the refractive-index structure (solid curve). Intuitively, the refractive-index ripples are similar to layers with interfaces situated at the inflection points. By performing a truncation at an inflection point, we suppress a certain number of such layers. The arrow in the figure indicates that the film was truncated near a maximum of the refractive index. We made this choice because we go from a high-index substrate to a low-index medium. The above procedure was then repeated: ten more iterations yielded another film [ Fig. 7(b) ] that was also truncated at the inflection point indicated by the arrow. Note that the refractive-index periodicity became more apparent. The position of the truncation was chosen to include four refractive-index cycles, starting from the main refractive-index maximum on the right. Next the correction process was invoked again and allowed to converge completely. A slight improvement was obtained by smoothing and recorrecting the design. The result is shown in Fig. 7(c) . Figure 7 (d) was obtained by truncating at the position indicated by the arrow in Fig. 7(c) and by recorrecting. This is essentially an attempt to compress the last half-cycle of the refractive-index profile. It resulted in an increase of the refractive-index modulation in this region to compensate for the reduction in optical thickness.
D. Additional Results
The synthesis exercise illustrated in Fig. 5(a) and reproduced in Fig. 8(a) on a different scale was repeated with the Shah option. We obtained a simple quarter-and half-wave stack [thick curve in Fig. 8(b) ] after layers of identical indices were combined. Next we used a Herpin approximation and refinement to transform the design into a two-material system (thin curve). The latter is similar but not identical to its counterpart in Fig. 8(a) significantly affect the performance, and refinement was therefore also quite fast. Figure 8(c) shows the results obtained by the same approach when the high wave-number limit of the AR bandwidth was increased to 0.2 [im-'. As before, there is good agreement between the two designs. Compared with Figs. 8(a) and 8(b) , the thicknesses and number of refractive-index cycles (2.5) are almost the same, but there are now more ripples or layers. This is consistent with the fact that the reflectance band that limits the AR band on the right was displaced toward higher wave numbers (see Subsection III.A). As expected, the average residual reflectance is now larger than in Figs. 8(a) and 8(b) . It is once again approximately the same for both types of coating. The transmittance curves are somewhat tilted, even in the case of the refined multilayer, and the tilts are in opposite directions. This is rather surprising because, as mentioned before, the target transmittances were defined at equal-wave-number increments and the tolerances were uniform across the AR band. This tilt tendency was more pronounced for wider bandwidths and larger optical thicknesses. Some transmittance curves of Refs. 11 and 12 are also tilted.
Finally, the present method readily yielded a graded- ( Fig. 9) . The thin curves are a reproduction of the original results, except that the thicknesses-which were not reported-were scaled by us for the sake of comparisons. The sharp refractive-index peak at the substrate interface of our design can be suppressed without much effect on the performance. The low refractive-index limit and AR bandwidth were, respectively, nL = 1.5 and 4 < X < 12 jim. The computations with the Fourier-transform method were very fast (140 s).
E. Discussion
It is surprising that, for similar thicknesses, we did not find graded-index coatings with a better performance than that of two-material multilayers. Intuitively one would expect to obtain better results when a whole range of refractive indices is available. A number of factors might limit the performance of our designs: (i) the accuracy of our implementation of the Fourier-transform method, or (ii) our choice of input parameters such as the starting designs, or (iii) physical reasons.
It is clear that the Fourier-transform method functions here under stringent constraints. Portions of the refractive-index profiles-both of the gradedindex and of the multilayer types-are systematically amputated in order to fit them into the allowed thickness and refractive-index range. These cuts are often quite severe. Normally, with no truncation, the maximum refractive-index changes occur near the center of a film synthesized with this method. It is visible, for example, in Fig. 5 , that the refractiveindex variations decrease progressively toward the substrate. This is because the refractive-index corrections nB(x) are effectively centered at the air interface. Half of nB(X) is in the air region and it is ignored. Other portions of nB(X ), which are in the substrate region or which result in refractive-index values outside the limits nH, nL, are also clipped. In the end, this design process converges, even if there is still a mismatch between the target and the calculated performance, because the refractive-index corrections necessary for further improvement are outside the specified thickness and index limits.
There is no comparable decrease in the amplitude of the refractive-index modulation of the two material multilayers. However the discrepancies between such systems, for example, in Figs. 5(b) and 5(c), become more pronounced closer to the substrate interface. We believe that this is related to the features of the graded-index profiles. The performance of both types of design cannot be improved indefinitely by increasing the thickness. There appears to be a limit dictated by the low refractive index. The optimum refractiveindex profile is therefore less critical deeper inside the coating.
It is not absolutely obvious that graded-index films should have an advantage in optical performance over conventional multilayers when there are strong refractive-index constraints. One would expect that some graded-index designs would require a larger refractiveindex range than multilayers. This is the case for rugate filters, compared with quarter-wave stacks with identical rejections and half widths (Fig. 7 in Ref. 5) . Furthermore, the graded-index coatings discussed in this section are in fact hybrid systems since they contain several abrupt refractive-index steps, especially near the air interface.
Note that the multilayers used in the above comparisons were the best from Refs. 11 and 12. They were, at times, obtained with quite sophisticated design procedures. Our designs have a better performance than a number of other reported solutions. The graded-index coatings were also compared with multilayers obtained with the various options available in our computer program: the Shah routine and Herpin equivalent-index approximation, with or without subsequent refinement. Several of the graded-index coatings were subdivided into many layers and refined, without a significant improvement in performance. This seems to indicate that the Fourier-transform process worked well.
V. Conclusions
We have shown that the NRCC modified Fouriertransform techniques could be applied to the design of wideband AR coatings even when strong constraints are imposed on the overall optical thickness and on the refractive-index range available for the film materials. Such constraints taxed the speed of the computations, which nevertheless remained respectable. We obtained graded-index and multilayer designs that had a remarkable resemblance in refractive-index structure and performance to some of the best systems found by more conventional methods. However, in most cases the optical performance of the graded-index coatings was not better than that of the I   II III II II   I multilayers. Only those examples that pertain to high-index substrates have been shown, but the method also performed well for other substrates.
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